Abstract. In the classical theory of fluid mechanics a linear relationship between the shear stress and the rate of strain tensor is often assumed. Even when a nonlinear relationship is assumed between the shear stress and the strain, it is typically formulated in terms of an explicit relation. Implicit constitutive models provide a theoretical framework that generalizes this, allowing a (possibly multivalued) implicit constitutive relation. Since it is generally not possible to solve explicitly for the shear stress in the constitutive relation, a natural approach is to include the shear stress as a fundamental unknown in the formulation of the problem. In this work we present a mixed formulation with this feature, discuss its solvability and approximation using mixed finite element methods, and explore the convergence of the numerical approximations to a weak solution of the model.
1. Implicitly constituted models. In the classical theory of continuum mechanics the balance laws of momentum, mass, and energy do not determine completely the behaviour of a system. Additional information that captures the specific properties of the material to be studied is needed; this is what is commonly known as a constitutive relation. The constitutive law usually expresses the stress tensor in terms of other kinematical quantities (e.g. the rate of strain) and, even if it is nonlinear, it is typically formulated by means of an explicit relationship. It has been known for some time that in many cases explicit constitutive relations are not adequate when modeling materials with viscoelastic or inelastic responses (see e.g. [46, 47] ), which has led to the introduction of many ad-hoc models that try to fit the experimental data. Implicitly constituted models, introduced in [46] , provide a theoretical framework that not only serves to justify these ad-hoc models, but also generalises them. The physical justification of these types of models, including a study of their thermodynamical consistency, is available and will not be discussed here; the interested reader is referred to [48, 47, 49] .
If a fluid occupies part of a space represented by a simply-connected open set Ω ⊂ R d , where d ∈ {2, 3}, then the evolution of the system during a given time interval [0, T ), for T > 0, is determined by the usual equations of balance of mass, momentum, angular momentum and energy, which in Eulerian coordinates take the form: ∂ρ ∂t + div(ρu) = 0, ∂(ρu) ∂t + div(ρu ⊗ u) = div T + ρf , (1.1)
∂(ρe) ∂t + div(ρeu) = div(T u − q).
Here:
• u : [0, T ) × Ω → R d is the velocity field; • ρ : [0, T ) × Ω → R is the density;
• T : (0, T ) × Ω → R d×d is the Cauchy stress; • e : [0, T ) × Ω → R is the internal energy;
• q : (0, T ) × Ω → R d is the heat flux. The constitutive law relates the Cauchy stress (or some other appropriate measure of the stress) and the heat flux to other kinematical variables such as the rate of strain, temperature, etc. In the following we will assume that the material is incompressible and undergoes an isothermal process. This implies that the energy equation decouples from the system and that the Cauchy stress can be split in two components:
where I is the identity matrix, p : (0, T )×Ω → R is the pressure (mean normal stress), and S : (0, T ) × Ω → R d×d sym is the shear stress (hereafter referred only as "stress"). In this work we will consider constitutive relations of the form T ) is the rate of strain; here Q is used to denote the parabolic cylinder (0, T ) × Ω. The precise assumptions on this implicit function will be stated in the next section.
For a rigorous mathematical analysis of models of implicitly constituted fluids the reader is referred to [11, 12] . Existence of weak solutions for problems of this type was obtained in [11] and [12] for the steady and unsteady cases, respectively. Some extensions include [13, 41, 45] , where additional physical responses are incorporated into the system.
As for the numerical analysis of these systems, very few results have been published so far. In [17] the convergence of a finite element discretisation to a weak solution of the problem was proved for the steady case, and the corresponding aposteriori analysis was carried out in [38] . More recently, this approach was extended to the time-dependent case in [56] . Also, several finite element discretisations were compared computationally in [36] for problems with Bingham and stress-power-lawlike rheology.
Numerical methods for the incompressible Navier-Stokes equations are usually based on a velocity-pressure formulation, and extensive studies have been carried out over the years in relation to this (see e.g. [28, 9] ). Such a formulation is possible, because in the case of a Newtonian fluid the explicit constitutive relation S = 2µD(u) allows one to eliminate the deviatoric stress S from the momentum equation. In contrast, formulations that treat the stress as a fundamental unknown have also been introduced to study problems in elasticity and incompressible flows [1, 3, 23, 24, 2, 22, 25, 26, 34, 35] ; the key advantages of these formulations are that they are naturally applicable to nonlinear constitutive models where it is not possible to eliminate the stress, and that they allow the direct computation of the stress without resorting to numerical differentiation. In this work we will consider the mathematical analysis of a mixed formulation that treats the stress as an unknown, and illustrate its performance by means of numerical simulations.
The results here could be considered an extension of the works [17, 56, 36] . One of the advantages of the approach presented here with respect to [17, 56] is that it can handle the constitutive relation in a more natural way, since the stress plays a more prominent role in the weak formulation considered. In addition, in [17, 56] no numerical simulations were presented. On the other hand, while extensive numerical computations with 3-field and 4-field formulations were performed in [36] , no convergence analysis of the methods considered was discussed. The work presented here fills this gap.
Preliminaries.
2.1. Function spaces. Throughout this work we will assume that Ω ⊂ R d , with d ∈ {2, 3}, is a bounded Lipschitz polygonal domain (unless otherwise stated), and use standard notation for Lebesgue, Sobolev and Bochner-Sobolev spaces (e.g.
as the closure of the space of smooth functions with compact support C ∞ 0 (Ω) with respect to the norm · W k,r (Ω) and we will denote the dual space of W
Here r is used to denote the Hölder conjugate of r, i.e. the number defined by the relation 1/r + 1/r = 1. The duality pairing will be written in the usual way using brackets ·, · . The space of traces on the boundary of functions in W 1,r (Ω) will be denoted by W 1/r ,r (∂Ω). If X is a Banach space, C w ([0, T ]; X) will be used to denote the space of continuous functions in time with respect to the weak topology of X. For r ∈ [1, ∞) we also define the following useful subspaces:
In the various estimates the letter c will denote a generic positive constant whose exact value could change from line to line, whenever the explicit dependence on the parameters is not important.
Interpolation inequalities.
The following embeddings will be useful when deriving various estimates. Assume that the Banach spaces (W 1 , W 2 , W 3 ) form an interpolation triple in the sense that
An example of an interpolation triple that can be combined with this result is given by the Gagliardo-Nirenberg inequality, which states that for given p, r ∈ [1, ∞), there is a constant c p,r > 0 such that:
Observe that the condition λ ∈ and take p = 2 and λ = d d+2 :
Compactness and continuity in time.
In this work we will use Simon's compactness lemma (see [55] ) instead of the usual Aubin-Lions lemma to extract convergent subsequences when taking the discretisation limit in the time-dependent problem. Assume that X and H are Banach spaces such that the compact embedding X → → H holds. Simon's lemma states that if U ⊂ L p (0, T ; H), for some p ∈ [1, ∞), and it satisfies:
• U is bounded in L
. Let X and V be reflexive Banach spaces such that X → V and let V * be the dual space of V . The following continuity properties (see [51] ) will be important when identifying the initial condition:
2.4. Implicit constitutive relation and its approximation. In the mathematical analysis of these systems it is more convenient to work not with the function G, but with its graph A, which is introduced in the usual way:
We will assume that A is a maximal monotone r-graph, which means that the following properties hold for almost every z ∈ Q:
There is a non-negative function m ∈ L 1 (Q) and a constant c > 0 such that Assumption (A6) was not included in the original works [11, 12, 17] , but it is needed for consistency with the physical property that S is traceless if and only if the velocity field is divergence-free (see the discussion in [57] ). A very important consequence of Assumption (A5) (see [57] ) is the existence of a measurable function (usually called a selection)
sym . In the existence results it will be useful to approximate the selection using smooth functions. To that end, let us define the mollification:
where
is a mollification kernel. It is possible to check (see e.g. [57] ) that this mollification satisfies analogous monotonicity and coercivity properties to those of the selection D * , i.e. we have that • For every τ 1 , τ 2 ∈ R d×d sym and for almost every z ∈ Q the monotonicity condition
• There is a constant C * > 0 and a nonnegative function g ∈ L 1 (Q) such that for all k ∈ N, for every τ ∈ R d×d , and for almost every z ∈ Q we have
• For any sequence
It is important to remark that (2.8), (2.9) and (2.10) are the essential properties; the explicit form (2.7) of the approximation to the selection is not very important. There are other ways to achieve the same result; for instance piecewise affine interpolation or a generalised Yosida approximation could also be used (see [56, 57] ). The following is a localized version of Minty's lemma that will aid in the identification of the implicit constitutive relation (for a proof see [10] ).
Lemma 2.1. Let A be a maximal monotone r-graph satisfying (A1)-(A4). Suppose that {D n } n∈N and {S n } n∈N are sequences of functions defined on a measurable setQ ⊂ Q, such that:
Then,
The goal of this work is to prove convergence of a three-field finite element approximation of the following system: (2.11)
where A(·) satisfies (A1)-(A6). The next section introduces the notation and tools that will be useful in the analysis of the discrete problem.
2.5. Finite element approximation. In this section, the notation and assumptions regarding the finite element approximation will be presented. Essentially the same arguments would work for any method based on a Galerkin approximation, but here we will focus only on finite element methods. Consider a family of triangulations {T n } n∈N of Ω satisfying the following assumptions:
• (Affine equivalence). Given n ∈ N and an element K ∈ T n , there is an affine invertible mapping F K : K →K, whereK is the closed standard reference simplex in R d .
• (Shape-regularity). There is a constant c τ , independent of n, such that
where h K := diam(K) and ρ K is the diameter of the largest inscribed ball.
• The mesh size h n := max K∈Tn h K tends to zero as n → ∞.
, we can define the following conforming finite element spaces associated with the triangulation T n :
d×d are finite-dimensional polynomial subspaces on the reference simplexK. Each of these spaces will be assumed to have a finite and locally supported basis. As in the continuous case, it will be useful to introduce the following finite-dimensional subspaces:
• (L s -stability). For every s ∈ (1, ∞) there is a constant c > 0, independent of n, such that:
n such that the following properties hold:
• (W 1,s -stability). For every s ∈ (1, ∞) there is a constant c > 0, independent of n, such that:
there is a constant c > 0, independent of n, such that:
It is not difficult to show that the approximability and stability properties imply that for s ∈ [1, ∞) we have:
Remark 2.6. A very important consequence of the previous assumptions is the existence, for every s ∈ (1, ∞), of two positive constants β s , γ s > 0, independent of n, such that the following discrete inf-sup conditions hold:
Example 2.7. There are several pairs of velocity-pressure spaces known to satisfy the stability Assumptions 2.2 and 2.4. They include the conforming Crouzeix-Raviart element, the MINI element, the P 2 -P 0 element and the Taylor-Hood element [4, 7, 17, 29, 16] ). In addition to stability, the Scott-Vogelius element also satisfies the property that the discretely divergence-free velocities are pointwise divergence-free (the stability can be guaranteed by assuming for example that the mesh has been barycentrically refined, see [54] ); another example of a velocity-pressure pair with this property is given by the Guzmán-Neilan element [32, 31] . To satisfy Assumption 2.5, one could use the Clément interpolant [15] .
Sometimes it is easier to prove the inf-sup condition directly. For example, if the space of discrete stresses consists of discontinuous P k polynomials (with k ≥ 1):
and we have that D(V n ) ⊂ Σ n (e.g. we could take the Taylor-Hood element P k+1 -P k for the velocity and the pressure), then the inf-sup condition follows from the fact that for s ∈ (1, ∞) there is a constant c > 0, independent of h, such that for any σ ∈ Σ n there is τ ∈ Σ n such that [53] :
In case a continuous piecewise polynomial approximation of the stress is preferred, one could use the conforming Crouzeix-Raviart element for the discrete velocity and pressure and the following space for the stress [52] :
and {λ j } 3 j=1 are barycentric coordinates on K.
Remark 2.8. If the discretely divergence-free velocities are in fact exactly divergence free, i.e. if V
d , and D(V n ) ⊂ Σ n , then the stress-velocity inf-sup condition also holds for the subspace of traceless stresses. Consequently, fewer degrees of freedom are needed to compute the stress unknowns.
2.6. Time discretisation. In this section we will describe the notation that will be used when performing the time discretisation of the problem. Let {τ m } m∈N be a sequence of time steps such that T /τ m ∈ N and τ m → 0, as m → ∞. For each m ∈ N we define the equidistant grid:
This can be used to define the parabolic cylinders Q
j=0 belonging to a Banach space X, we can define the piecewise constant interpolant v ∈ L ∞ (0, T ; X) as:
and the piecewise linear interpolantṽ ∈ C([0, T ]; X) as:
For a given function g ∈ L p (0, T ; X), with p ∈ [1, ∞), we define the time averages:
Then the piecewise constant interpolant g defined by (2.15) satisfies [51] :
3. Weak formulation. In this section we will present a weak formulation for the problem (2.11), where now we assume that f ∈ L r (0,
d and the graph A satisfies the assumptions (A1)-(A6) for some r > 2d d+2 . Similarly to previous works on the analysis of implicitly constituted fluids, a Lipschitz truncation technique will be required when proving that the limit of the sequence of approximate solutions satisfies the constitutive relation. The theory of Lipschitz truncation for time-dependent problems is not as well developed as in the steady case; here it will be necessary to work locally and the equation plays a vital role (several versions of parabolic Lipschitz truncation have appeared in the literature, see e.g. [18, 12, 8, 19] ). Since the pressure will not be present in the weak formulation, it will be more convenient to use the construction developed in [8] because it preserves the solenoidality of the velocity. The following lemma states the main properties of this solenoidal Lipschitz truncation. 
and suppose that, for any l ∈ N, the equation
is satisfied. Then there is a number j 0 ∈ N, a sequence {λ l,j } l,j∈N with 2
with the following properties:
, for any j ≥ j 0 and any l ∈ N; 3. There is a constant c > 0 such that
4. For j ≥ j 0 fixed, we have as l → ∞:
5. There is a constant c > 0 such that:
3.1. Mixed formulation and time-space discretisation. Before we present the weak formulation, let us defině
The weak formulation for (2.11) then reads as follows.
Remark 3.2. In the formulation above all the test-velocities are divergence-free and as a consequence the presure term vanishes. In this section we will carry out the analysis for the velocity and stress variables only. It is known that even in the Newtonian case (i.e. r = 2) the pressure is only a distribution in time, when working with a no-slip boundary condition (see e.g. [27] ). An integrable pressure can be obtained if Navier's slip boundary condition is used instead [12] , but in this work we will confine ourselves to the more common no-slip boundary condition.
and sinceř ≤ r we also know that (W
and hence the initial condition only makes sense a priori in this weaker sense. However, for this problem it will be proved that it also holds in the stronger sense described above.
For a given time step τ m and j ∈ {1, . .
be the time averages associated with f and D k , respectively (recall (2.17)). The time derivative will be discretised using an implicit Euler scheme; higher order time stepping techniques might not be more advantageous here because higher regularity in time of weak solutions to the problem is not guaranteed a priori. The discrete formulation of the problem can now be introduced.
The form B is meant to represent the convective term and is defined as:
This definition guarantees that B(v, v, v) = 0 for every v for which this expression is well defined, regardless of whether v is pointwise divergence-free or not, which is very useful when obtaining a priori estimates; it reduces to the usual weak form of the convective term whenever the velocities are exactly divergence-free. It is now necessary to check that B is well defined in the spaces involving time. By standard function space interpolation, we have that for almost every t ∈ (0, T ):
As in the steady case (cf. [17] ), a more restrictive condition is needed in order to bound the additional term in B whenever the elements are not exactly divergencefree. Namely, if we assume that r ≥
2(d+1) d+2
(this is the analogue of the condition r ≥ 2d d+1 in the steady case) then there is a q ∈ (1, ∞] such that
Again, similarly to the steady case (cf. [17] ), this restriction can be lifted when we add a penalty term that allows us to control the L 2r (Q) norm of the velocity.
Remark 3.4. While FormulationǍ k,n,m,l does not contain the pressure, in practice the incompressibility condition is enforced through the addition of a Lagrange multiplier p k,n,m,l j ∈ M n 0 , which could be thought of as the pressure in the system (the reason for the omission of the pressure in the analysis is explained in Remark 3.2). For this reason it is necessary to consider additional assumptions that guarantee inf-sup stability of the spaces V n and M n (see Assumptions 2.4 and 2.5). In case the problem does have an integrable pressure p, then it is expected that the sequence of discrete pressures converges to it in L 1 (Q).
Remark 3.5. In practice it is not necessary to find a selection in order to perform the computations, i.e. in the simulations it is possible to work directly with the implicit function G (in many cases the model itself suggests what the selection could be, though). In contrast, when performing the analysis, the function G is not appropriate because many different expressions could lead to the same constitutive relation, but have different mathematical properties.
Remark 3.6. In this work we did not consider a dual formulation, e.g. based on H(div; Ω), because for the unsteady problem we do not have at our disposal results that guarantee the integrability of div S.
In the next theorem, convergence of the sequence of discrete solutions to a weak solution of the problem is proved. Since the ideas and arguments contained in the proof are similar to the ones presented in the previous sections and follow a similar approach to [56] , we will not include here all the details of the calculations unless there is a significant difference. 
the corresponding time interpolants (recall (2.15) and (2.16)) u k,n,m,l ,ũ k,n,m,l and S k,n,m,l satisfy (up to a subsequence):
and (S, u) solves FormulationǍ, with the limits taken in the order k → ∞, (n, m) → ∞ and l → ∞.
Proof. The idea of the proof is common in the analysis of nonlinear PDE: we obtain a priori estimates and use compactness arguments to pass to the limit in the equation. In order to prove the existence of solutions of FormulationǍ k,n,m,l , we need to check that given (S
On the other hand, since all norms are equivalent in a finite-dimensional normed linear space, there is a constant C n > 0 such that:
The constant C n may blow up as n → ∞, but since n is fixed for now this does not pose a problem. Now, recalling (2.9) and combining (3.4) and (3.5) with a standard corollary of Brouwer's Fixed Point Theorem (cf. [28] ) we obtain the existence of solutions of FormulationǍ k,n,m,l . In the first time step (i.e. j = 1), it is essential to use the fact that the projection P n div is stable:
The estimate (3.5) suffices to guarantee the existence of discrete solutions, but in order to pass to the limit n → ∞, an estimate that does not degenerate as n → ∞ is required. This uniform estimate is a consequence of the discrete inf-sup condition (2.14):
Therefore, the following a priori estimate holds:
where c is a positive constant that depends on the data; in particular, c is independent of k, n, m and l. Let
be the piecewise constant and piecewise linear interpolants defined by the sequence {u 
Then the discrete formulation can be rewritten as:
The a priori estimate (3.8) can in turn be written as:
Using the equivalence of norms in finite-dimensional spaces we also obtain
and together with the a priori estimate this implies that
Therefore, up to subsequences, as k → ∞ we have:
Since the function D k j is simply an average in time, the uniqueness of the weak limit implies that
and that D n,m,l is the piecewise constant interpolant determined by the sequence
j=1 . Moreover, since the convergence of the velocity and stress sequences is strong, it is straightforward to pass to the limit k → ∞ and thus we obtain
It is also clear that the initial conditionũ n,m,l (0, ·) = P n div u 0 (·) holds, since the expression on the right-hand side is independent of k. The identification of the constitutive relation can be carried out using (2.10) in exactly the same manner as in [56] , which means that (the strong convergence is again essential):
The next step is to take the limit in both the time and space discretisations simultaneously. The weak lower semicontinuity of the norms and the estimate (3.9) imply that:
≤ c, and (3.14) ũ n,m,l 2
where c is a constant, independent of n, m and l. Consequently, there exist (not relabelled) subsequences such that, as n, m → ∞:
At this point it is a standard step to use the Aubin-Lions lemma to obtain strong convergence of subsequences. However, following [56] , we will instead use Simon's compactness lemma; this choice is made to avoid the need for stability estimates of P n div in Sobolev norms, which would require additional assumptions on the mesh. To apply this lemma, it will be more convenient to work with the modified interpolant:
Let > 0 be such that s + < T and let v ∈ V n div . Then, using the definition ofû n,m,l we have
Choosing v =û n,m,l (s + , ·) −û n,m,l (s, ·) we conclude that
On the other hand, the a priori estimates imply thatû n,m,l is bounded (uniformly in
d is compact and thus Simon's compactness lemma guarantees the strong convergence:
Since the interpolants converge to the same limit as τ m → 0, using standard function space interpolation (and recalling (2.3)) we also obtain that, as n, m → ∞:
)). Now, using the property (2.12), we can check that u l is actually divergence-free:
Furthermore, (2.12) also yields convergence of the initial condition, as n, m → ∞:
The functions D l and D l can easily be identified using the property (2.19) and the definition of the piecewise constant interpolant (3.11). Indeed, for an arbitrary σ ∈ C ∞ 0 (Q) we have, as n, m → ∞:
The uniqueness of the weak limit then implies that
Combining all these properties and using an analogous computation to (3.18) it is possible to prove that the limiting functions are a solution of the following problem:
From the equation above and the embedding (2.3) we then see that the distributional time derivative belongs to the spaces:
It is important to note that (3.22) holds uniformly in l ∈ N, while (3.21) does not. Now, observe that
Combining this with (2.4), (2.5), and the fact that
be such that ϕ(0) = 1; then the following equality holds:
On the other hand, using the equation we also have that:
Comparing (3.23) and (3.24) we conclude that u l (0, ·) = u 0 (·). This proves that the initial condition is attained in the weak sense expected a priori from the embeddings; however, in this case the stronger condition (3.25) ess lim
holds. To see this, note that (3.16) guarantees (up to a subsequence) thatũ
, and therefore
for almost every t ∈ [0, T ]. Observe also that the monotonicity of the constitutive relation was used to obtain the next to last inequality. Taking the limit t → 0 + then yields (3.25) .
The identification of the constitutive relation can be carried out with the help of Lemma 2.1. In order to apply the lemma, the only thing that remains to be proved, since we already know that (D n,m,l , S n,m,l ) ∈ A(·) almost everywhere, is that:
for almost every t ∈ [0, T ]; then taking t → T we obtain the result in the whole domain Q. The proof of this fact is essentially the same as in [56] and we will not reproduce it here. Moreover, the following energy identity holds:
In time-dependent problems obtaining an energy identity of this kind is not always possible; in this case the energy equality (3.27) can be proved, since the velocity is an admissible test function in space thanks to the fact that its L 2r norm is under control (some mollification is needed to overcome the low integrability in time, see [57, 39] ). Now, (3.13) and the weak and weak* lower semicontinuity of the norms imply that
where c is a constant independent of l. From this we see that, up to subsequences, as l → ∞:
Furthermore, sinceř ≤ r and r > 2d d+2 , the embedding W
d is compact and hence by the Aubin-Lions lemma (taking into account (3.22)) we have the strong convergence:
With the convergence properties (3.29) and (3.30) it is then possible to pass to the limit and prove that the limiting functions satisfy:
The same argument used to obtain (3.25) can be used here to prove that the initial condition is attained in the strong sense:
Moreover, since the penalty term vanishes in the limit l → ∞, we can improve the integrability in time:
From here then the result follows by observing that Q can be covered by a union of such cylinders (e.g. by using a Whitney covering). In order to prove (3.35), first let B λ l,j ⊂ Ω be the family of open sets and let {e l,j } l,j∈N be the sequence of Lipschitz truncations described in Lemma 3.1. If we define
then we have by Hölder's inequality that
The second term on the right-hand side can be dealt with easily, since H l is bounded uniformly in L 1 (Q) thanks to the a priori estimate (3.28), and the properties described in Lemma 3.1 imply that (3.37) lim sup
where c is a positive constant. For the first term, observe that
is the function introduced in Lemma 3.1. From this and (3.37), the assertion follows by taking j → ∞. To conclude the proof, note that the fact that u is divergence-free and Assumption (A6) imply that tr(S) = 0, and so
Remark 3.8. FormulationǍ k,n,m,l is a four-step approximation in which the indices k, n, m, l refer to the approximation of the graph by smooth functions, the finite element discretisation, the discretisation in time, and the penalty term, respectively. The same approach can be used to define a 3-field formulation for the steady problem and the unsteady problem without convection and the proof remains valid with some simplifications; for instance, for the steady system without convective term, only the indices k and n are needed. Furthermore, in those cases the convergence of the sequence of discrete pressures can be guaranteed in the corresponding Lebesgue spaces.
Remark 3.9. The argument used to prove the existence of the discrete solutions is more involved here than in the original works [17, 11] , because the coercivity with respect to u k,n,m,l j W 1,r (Ω) cannot be deduced from FormulationǍ k,n,m,l by simply testing with the solution. An alternative approach could be to include in the equation an additional diffusion term of the form:
which would be completely acceptable if we only cared about the existence of weak solutions, but is undesirable from the point of view of the computation of the finite element approximations, since it introduces an additional nonlinearity in the discrete problem.
Remark 3.10. In the proof of Theorem 3.7 the limits k → ∞, (n, m) → ∞ and l → ∞ were taken successively. In contrast to the steady case considered in [17] , here it is not known whether we can take the limits at once. The result is likely to hold as well, but the proof would require a discrete version of the parabolic Lipschitz truncation, which is not available at the moment.
Remark 3.11. In case the strain is a quantity of interest, the approach presented here can be easily extended to a four-field formulation with unknowns (D, S, u, p). The only additional assumption needed in that case would be an inf-sup condition of the form:
where δ s > 0 is independent of n.
Numerical experiments.
4.1. Carreau fluid and orders of convergence. The framework presented in this work is so broad that in general it is not possible to guarantee uniqueness of solutions; in particular it is not clear how error estimates could be obtained. However, as this computational example will show, the discrete formulations presented here appear to recover the expected orders of convergence in the cases where these orders are known.
In the first part of this numerical experiment we solved the steady problem without convection with the Carreau constitutive law (as stated in Remark 3.8, the same 3-field approximation can be applied in this setting):
where r ≥ 1 and ε, ν > 0. This is one of the most common non-Newtonian models that present a power-law structure (note that for r = 2 we recover the Newtonian model), and has the advantage that it is not singular at the origin (i.e. when D = 0), unlike the usual power-law constitutive relation. Observe that the constitutive relation is smooth, and therefore only the limit n → ∞ is needed in the results from the previous section. The problem was solved on the unit square Ω = (0, 1) 2 with a Dirichlet boundary condition for the velocity defined so as to match the value of the exact solution, which was chosen as:
where a, b are parameters used to control the smoothness of the solutions. Define the auxiliary function F := R d×d → R d×d sym as:
. In [4, 33] it was proved for systems of the form (4.1) that if F (D(u)) ∈ W 1,2 (Ω) d×d and p ∈ W 1,r (Ω) then the following error estimates hold:
In our case, the conditions F (D(u)) ∈ W 1,2 (Ω) d×d and p ∈ W 1,r (Ω) amount to requiring that a > 1 and b > 2 r − 1. These parameters were then chosen to be a = 1.01 and b = 2 r − 0.99 in order to be close to the regularity threshold. We discretised this problem with the Scott-Vogelius element for the velocity and pressure and discontinuous piecewise polynomials for the stress variables:
The problem was solved using firedrake [50] with ν = 0.5, ε = 10 −5 and k = 1 on a barycentrically refined mesh to guarantee inf-sup stability. The discretised nonlinear problems were linearised using Newton's method and the linear systems were solved with the umfpack library. In the implementation, the uniqueness of the pressure was recovered not by using a zero mean condition but rather by orthogonalising against the nullspace of constants. The experimental orders of convergence in the different norms are shown in Tables 1 and 2 (note that the tables do not contain the values of the numerical error, but rather the order of convergence corresponding to the norm indicated in each column). Table 1 : Experimental order of convergence for the steady problem without convection with r = 1.5. Tables 1 and 2 it can be seen that the algorithm recovers the expected orders of convergence. In the case of the stress we obtain the same order as for the pressure, which seems natural from the point of view of the equation. In [33] it is claimed that for r < 2 the order of convergence for the velocity should be equal to 1; in our numerical simulations the experimental order of convergence seems to approach Table 2 : Experimental order of convergence for the steady problem without convection with r = 1.8. r , which is slightly larger than 1. This difference may be due to the fact that in [33] the author works with piecewise linear elements for the velocity while here quadratic elements were employed.
In the second part of the experiment we employed again the Carreau constitutive law (4.1), but now considering the full system (2.11). The right-hand side, initial condition and boundary condition were chosen so as to match the ones defined by the exact solution:
In [21] , the following error estimate for the approximation of time-dependent systems of this form, but without convection, was obtained for r ∈ [ 2d d+2 , ∞):
d and that the following additional regularity properties of the solution and the data hold:
The same order of convergence was obtained in [5] for r ∈ ( 3 2 , 2] in 3D for a semiimplicit discretisation of the unsteady system with convection assuming that u 0 ∈ W
and that the slightly different regularity assumptions hold:
The problem was solved until the final time T = 0.1 with the same parameters as above; observe that this choice of parameters guarantees that the required regularity properties are satisfied. Table 3 shows the experimental order of convergence for r = 1.7. The order of convergence for the natural norm F (D(u)) L 2 (Q) agrees with the one expected from the theoretical results, while for the velocity we obtain a higher order. This is again likely to be due to the fact that quadratic elements were employed for the velocity variable, while the analysis was performed for linear elements.
Role of the penalty term.
In this computational experiment we investigate the role of the penalty term in the algorithm, to explore whether its presence Table 3 : Experimental order of convergence for the full problem with r = 1.7. is essential to ensure convergence. Similarly to Section 4.1 we consider the steady problem first. The same exact solution was employed, because it allows us to carefully select its regularity. In this case Taylor-Hood elements were employed for the velocity and pressure, and discontinuous piecewise polynomials for the stress:
This question is only relevant when the discretely divergence-free elements are not pointwise divergence-free, because otherwise the condition r > 2d d+2 is sufficient to allow us to pass to the limit in the convective term. In the steady case, without the penalty term and with elements that are not exactly divergence-free, the convergence of the finite element approximations still holds (see Remark 3.8), but assuming the stronger assumption r > 2d d+1 (cf. [17] ). According to this, the addition of the penalty term is then necessary in the convergence analysis when the elements are not exactly divergence-free and r ∈ ( Table 4 shows the experimental orders of convergence for r = 1.3 (just like in Section 4.1, the table shows not the numerical error, but the experimental order of convergence).
In the experiment for the time-dependent problem we chose in this case the steady state solution (4.2) with the same parameters described above and used it to define the initial and boundary conditions. In this case, our convergence analysis dictates that the addition of the penalty term is necessary when r ∈ ( 2d d+2 , 3d+2 d+2 ]; however, the result is expected to hold for r ∈ (
d+2 ] as well (see Remark 3.10). We therefore chose a value of r in the interval ( Table 5 .
What we see in these experiments is that the method converges regardless of whether there is a penalty term or not. This could be an indication that the requirement to include this penalty term is only a technical obstruction and that there might be a different approach to showing convergence of the numerical method that could avoid it. On the other hand, it could also be the case that the point singularity present in the exact solution of this model problem does not suffice to demonstrate pathological behaviour. In any case, we believe that in most applications the penalty term can be safely omitted. In this section we will consider the classical lid-driven cavity problem with the non-standard constitutive relation:
where ν > 0 is the viscosity and δ s ≥ 0. This is an example of an activated fluid that in the middle of the domain transitions between a Newtonian fluid (i.e. NavierStokes) and an inviscid fluid (i.e. Euler) depending on the magnitude of the strain (for a more thorough discussion of activated fluids see [6] ). It is analogous to the Bingham constitutive equation for a viscoplastic fluid, but with the roles of the stress and strain interchanged; the fact that we can swap the roles of the stress and the strain in constitutive relations without any problem is a significant advantage of the framework presented here. The problem was solved on the unit square Ω = (0, 1) 2 with the rest state as the initial condition and with the following boundary conditions:
Since the constitutive law is not smooth when
, some regularisation was required. For this problem we chose a Papanastasiou-like regularisation (cf. [43] ); the Papanastasiou regularisation has been successfully applied to several problems with Bingham rheology [14, 20, 42] . The regularised constitutive relation reads:
where M > 0 is the regularisation parameter (as M → ∞ we recover the constitutive relation (4.4), see Figure 1 ). For the velocity and pressure we used Scott-Vogelius elements and discontinuous piecewise polynomials were used for the stress (cf. subsection 4.1); the problem was implemented in firedrake with k = 1, ν = Note that when the 'yield strain' parameter δ s vanishes, we recover the usual Navier-Stokes system. On the other end, if δ s is taken to be very large this could be taken as an approximation of the incompressible Euler system in the center of the square; notice how in Figure 2 the fluid picks up more speed in the middle of the domain when δ s > 0 due to the absence of viscosity. This could be an attractive approach to simulating the effects of boundary layers, because it is backed up by a rigorous convergence result; near the boundary the fluid could behave in a Newtonian way and far away δ s could be taken arbitrarily large so as to make the effects of the viscosity negligible. This is just one of the possibilities that are yet to be explored within this framework of implicitly constituted fluids and mixed formulations and will be studied in more depth in future work. Figure 3 shows the magnitudes of S and D along the line x = 0.65 for the steady state of the non-Newtonian problem; it can be clearly seen that the stress is negligibly small for low values of the strain in the center of the square and it then suddenly becomes proportional to the strain. This transition is not the sharpest in the figure because the regularisation parameter M was not taken sufficiently large, but in the limit this would recover the non-smooth relation. In a sense this is similar to solving a Navier-Stokes problem with high Reynolds number, so for high values of M some stabilisation would be required in order to solve this systems efficiently (even more so if the Newtonian fluid outside of the activation region also has a high Reynolds number); this will be the subject of future research. The flow between two parallel plates induced by the movement at constant speed of one of the plates receives the name of (plane) Couette flow. It is one of the few examples of a configuration that allows us to find an exact solution for the steady Navier-Stokes equations and it is well known that this solution has a linear profile. In this numerical experiment we will take the Couette flow as the initial condition and investigate the behaviour of the system when the plates stop moving. Physically it is expected that the viscosity and no-slip boundary condition will slow down the flow until it finally stops; it can be seen in [44] that in the Newtonian case the flow does reach the rest state, albeit in infinite time.
In this section we will solve system (2.11) with the Bingham constitutive relation:
where ν > 0 is the viscosity and τ y ≥ 0 is called the yield stress. This is the most common model for a viscoplastic fluid, which is a material that for low stresses (i.e. with a magnitude below the yield stress τ y ) behaves like a solid and like a Newtonian fluid otherwise. Interestingly, viscoplastic fluids in the configuration described above reach the rest state in a finite time and there are theoretical upper bounds for the so called cessation time (see [30, 37] ), which makes this a good problem to test the numerical algorithm. For this experiment we applied the Papanastasiou regularisation to the nonsmooth constitutive relation. After nondimensionalisation this regularised constitutive law takes the form (compare with (4.5)): For the velocity and pressure we used Taylor-Hood elements and discontinuous piecewise polynomials for the stress (cf. Section 4.2). This problem was implemented in FEniCS [40] with k = 1 and a timestep τ m between 5 × 10 −7 and 1 × 10 −6 for the different values of the Bingham number. The resulting nonlinear systems were solved using Newton's method with a line search and the linear systems were solved using the umfpack library. We quantify the change in the flow through the volumetric flow rate (observe that it is constant in x 1 ):
(1, 0) · u(t, x) dx 2 , whose evolution in time is shown in Figure 4 for different values of the Bingham number. An exponential decay of the flow rate is observed in Figure 4 , while for positive values of the Bingham number this decay is much faster; these results agree with the ones reported in [37, 14] . In [14] the problem was solved by integrating a one-dimensional equation for u 2 ; the framework presented here recovers the results obtained there but at the same time has the advantage that it can be applied to a much broader class of problems and geometries. 
Conclusions.
In this work we presented a 3-field finite element formulation for the numerical approximation of unsteady implicitly constituted incompressible fluids and identified the necessary conditions that guarantee the convergence of the sequence of numerical approximations to a solution of the continuous problem. Although the convergence analysis was written in terms of a selection D * , the finite element formulation presented here can be used in practice with a fully implicit relation; this is in contrast to the works [17, 56] , where the algorithms relied on finding an approximate constitutive law expressing the stress S k in terms of the strain D k , which, while always theoretically possible, is not practical for many models. We also presented numerical experiments that showcase the variety of models that the framework of implicitly constituted models can incorporate.
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